Abstract. In this paper we revisit once again, see Shub and Sullivan (Ergod. Th. & Dynam. Sys. 5 (1985), 285-289), a family of expanding circle endomorphisms. We consider a family {B θ } of Blaschke products acting on the unit circle, T, in the complex plane obtained by composing a given Blaschke product B with the rotations about zero given by multiplication by θ ∈ T. While the initial map B may have a fixed sink on T, there is always an open set of θ for which B θ is an expanding map. We prove a lower bound for the average measure theoretic entropy of this family of maps in terms of ln |B (z)| dz.
Introduction
Several papers have suggested the possibility of giving lower bounds for the average entropy or Lyapunov exponents in a rich enough family of dynamical systems [BPSW, LSSW] . A particular consequence would establish the existence of positive entropy for a positive measure set of parameters in terms of comparatively easily computable quantities. A linear algebra analogue is proven in [DS] . In this paper we accomplish the task for families of (finite) Blaschke products. In these families it is fairly easy to establish the existence of positive measure sets of parameters which define expanding maps of the circle. Here we give a lower bound for the average entropy of these expanding maps with respect to the natural invariant measures which are absolutely continuous with respect to Lebesgue measure.
A (finite) Blaschke product is a map of the form
where n ≥ 2, a i ∈ C, |a i | < 1 , i = 1, . . . , n, and θ 0 ∈ C with |θ 0 | = 1. B is a rational mapping of C, it is an analytic function in a neighborhood of the unit disc D, and B maps the unit circle T to itself. In this paper we consider the family of Blaschke products,
THEOREM 1.1. Given a family of Blaschke products {B θ } {θ∈T} , one of the next two options holds for any θ ∈ T:
(1) B θ is an expanding map, i.e. there are n = n(θ ), and λ = λ(θ ) > 1 such that
(2) B θ has a unique attracting or indifferent fixed point in T.
Moreover, the set of θ ∈ T satisfying the first option is a non-empty open set.
In the next theorem, we relate the previous option with the statistical behaviour of B θ . Let λ be Lebesgue measure on T normalized to be a probability measure, λ(T) = 1. As a consequence of Theorem 1.2, it follows that, for any θ for which B θ has an absolute continuous invariant measure, we can define the metric entropy, h θ , of B θ with respect to µ θ and it satisfies
In the next theorem we give a lower bound for the average measure theoretic entropy of this family of maps in terms of ln |B (z)| dz. 
Here ln + equals ln when it is positive and zero otherwise, while ln − equals ln when it is negative and zero otherwise. When h θ is positive it equals the Lyapunov exponent of B θ with respect to µ θ , i.e. for almost every point with respect to Lebesgue measure,
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So we could equally well state our results with respect to Lyapunov exponents. The quantity T ln |B (z)| dz is easily seen to be the Lyapunov exponent of the random product of elements of the family {B θ } {θ∈T} . The inequality in part (a) of Theorem 1.3 proves that the mean of the deterministic exponents is greater than or equal to the random exponent. So we have achieved here in dimension one the unachieved goal of [LSSW] in dimension two.
Most of the proofs of the previous theorems could be assembled from results already in the literature. We give alternate largely self-contained proofs in the following sections. The proofs consist of three parts:
(1) for all θ , Theorem 1.1 or 1.2 holds;
The proofs are completed by applying (3) to ln |B (z)|, applying (1) and (2), and changing variables for those θ for which µ θ is supported on a contracting or indifferent fixed point. This proves (b) and (a) follows. The proofs are carried out in detail in the following sections.
The fixed points of B
For any Blaschke product B as above, the equation z = B(z) has at most n + 1 zeros in the complex plane, C. So B : C → C has at most n+1 fixed points in C. The map B : T → T has degree n. By the Lefschetz formula B has −(n − 1) fixed points counted with index on T. Thus B has at least (n − 1) expanding fixed points on T and at most (n + 1) fixed points in all. Proof. If B (z) = 1 for all fixed points of B on the circle, by the Lefschetz formula we can have n expanding fixed points and one sink on the circle, or n − 1 expanding points on the circle. In the first case we are in situation (a). In the second case, since B(z)B(z −1 ) = 1 for all z ∈ C, we must be in case (b). The fact that the fixed point in the interior of the disc is attracting follows from direct calculation or the Schwarz lemma. Case (c) represents the remaining cases. 2 2.1. Iterates of B. The sequence B n (z) is uniformly bounded in the unit disc (i.e. it is a normal family). Let z 0 be the attracting or indifferent fixed point in Proposition 2.1.
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Observe that a sink or an indifferent fixed point of a rational mapping of C always attracts an open set of points. Therefore, there is an open set of points in which {B n (z)} n converges uniformly to z 0 . Thus, by Vitali's convergence theorem the sequence {B n (z)} n converges uniformly on compact sets of the open unit disc to z 0 . Thus, B n (z) → z 0 for any z in the open unit disc. Incidentally, this proves that the fixed point z 0 described in Proposition 2.1 is unique in the closed unit disc as an attracting or indifferent fixed point.
B composed with rotations.
We now consider the one-parameter family of functions B θ = θB. Our main interest will be when θ goes around the circle, but we will also consider c taking values in the disc, D.
For every θ consider the set of fixed points of B θ . As θ goes around the circle the fixed points of B θ will be in situations (a), (b) or (c) described before. Case (c) will happen at most a finite number of times. For every θ ∈ T we define α(θ) as the unique sink of B if we are in situations (a) or (b). In case (c), α(θ) is the unique indifferent fixed point of B θ (but in fact this case is irrelevant for our ultimate discussion because it is measure zero in the parameter). For all z 0 ∈ T(C) such that |B (z 0 )| ≤ 1, there is one value of θ (namely θ = z 0 /B(z 0 )) such that z 0 is a fixed sink or indifferent point of B θ . Thus, all these values belong to the range of α. Finally, if |c| < 1 we define α(c) as the unique fixed point of B c inside the unit disc.
PROPOSITION 2.2. The function α is analytic in the open unit disc and continuous in the closed unit disc.
Proof. By the implicit function theorem the attracting fixed points of B θ vary analytically with θ in the closed disc minus the finite set of θ for which B θ has an indifferent fixed point in T, the values of which provide a continuous extension of the function. 2
The next corollary is an obvious extension of our discussion of iterates to B c for c ∈ D. Observe that this finishes the first part of Theorem 1.1. In fact, if the attracting fixed point of B θ is in the open unit disc then the map is expanding; if not, it has a unique fixed point in the circle which is either attracting or an indifferent saddle-node point. Now we proceed to finish the proof of Theorem 1.1. Proof. Let h : T → C be continuous and leth be its harmonic extension to the disc. We are now ready to prove Theorem 1.2.
